Abstract. This paper studies the problem of uniqueness of entire functions that share real zeros and real ones. An example is provided to show that a result of Czubiak and Gundersen is not completely correct. Results in this paper correct the result of Czubiak and Gundersen, and also correct a result of Osgood and Yang.
Introduction and main results
We say that two entire functions f (z) and g(z) share the value c provided that f (z) = c if and only if g(z) = c. We distinguish between sharing a value CM (counting multiplicities) and IM (ignoring multiplicities).
Let K be the class of all nonconstant entire functions which have only real zeros and real ones. T. P. Czubiak 
where a, b, c, d are real constants, and
where p is an integer, a, b are real constants, and p = 0, 1, a = 0;
where a = 0 and b are real constants;
for p = −2 and for p = −3, where a = 0, b are real constants ; 
Some lemmas
In order to prove our theorems, we need the following lemmas.
Lemma 1 (cf. [2, Corollary of Theorem 2]).
If f is in K, then the order of f is at most one.
Lemma 2 (cf. [2, Proposition 1]).
If f is in K, and f is not real for some real value of z, then f is necessarily of one of the following two forms :
where a = 0, b and c are real constants ;
where p = 0, 1 is an integer, and a = 0, b are real constants.
Lemma 3 ([3, Theorem 2])
. Let Q 1 (z) and Q 2 (z) be nonconstant polynomials of the same degree. If
where p = 0, 1 and q are integers.
Proof of Theorem 2
Since f and g are in K, by Lemma 1 we have order(f ) ≤ 1 and order(g) ≤ 1. From the fact that f and g share the values 0, 1 CM, we obtain
where a 1 , a 2 , b 1 , and b 2 are constants. Suppose that f ≡ g. Then from (1) we deduce that
where a 3 = a 2 − a 1 , b 3 = b 2 − b 1 are constants, and e a3z+b3 ≡ 1, a 2 = 0. Assume that a 3 = 0 and e b3 = K. Then K = 0, 1. From (2) we have
Hence, z 1 = (2πi/a 2 ) − (b 2 /a 2 ) and z 2 = z 1 + (2πi/a 2 ) are two zeros of f . Since z 1 and z 2 are real, we obtain Re(a 2 ) = Re(b 2 ) = 0. Let a = a 2 /2i and b = b 2 /2i; then a = 0 and b are real constants. Again from (3), we get
then c is a real constant. Again from (4), we have
Assume that a 3 = 0. Applying Lemma 3 to (2), we have
where p = 0, 1 and q are integers. Thus
If p = −1, then z 3 = 2mπi/pa 3 − b 3 /a 3 (m is an integer = 0, mod(p)) and z 4 = z 3 + 2πi/a 3 are two zeros of f . If p = −1, then z 5 = πi/a 3 − b 3 /a 3 and z 6 = z 5 + 2πi/a 3 are two one-points of f . Since z 3 , z 4 , z 5 , and z 6 are real, we obtain Re(a 3 ) = Re(b 3 ) = 0. Let a = a 3 /2i and b = b 3 /2i; then a = 0 and b are real constants. Again from (6), we get
This completes the proof of Theorem 2.
Proof of Theorem 1
We note that in [1] in fact Czubiak and Gundersen proved the following results: 
for p = 3 and for p = 4, where a = 0, b are real constants.
Using Lemma 2, we have the following result: Now using Theorem C , Theorem 3 , and Theorem D, we finally obtain the conclusion of Theorem 1.
Correction of a result of Osgood and Yang
In 
and
or more generally
where Q is a polynomial in z and P (z) is a polynomial in z with rational numbers as the coefficients.
The above result of Osgood and Yang, however, is not true for
where d is a real constant. The following result is a correction of Theorem E:
Theorem E . If f and g are nonconstant entire functions of finite order and share 0 and 1 CM, then f and g must satisfy exactly one of the following relations :
where K = 0, 1 is a constant, and P (z) is a nonconstant polynomial ;
where n = 0, 1 is an integer, and Q(z) is a nonconstant polynomial ;
where Q(z) is a nonconstant polynomial in z, and P (z) is a polynomial in z with rational numbers as the coefficients, and deg(P ) ≥ 2.
We may rewrite the functions f (z) and g(z) in the relation (iii) of Theorem E in the following forms:
where n ≥ 2;
where m = −n ≥ 1.
Next we proceed to prove Theorem E . By the assumption of Theorem E , we have two polynomials, R(z) and S(z), such that f = ge R and f − 1 = (g − 1)e S .
Suppose that f ≡ g. Then e S ≡ 1 and e S−R ≡ 1. Thus from (7) is not a constant. In [3] , in fact Osgood and Yang proved that in this case f (z) and g(z) must satisfy exactly one of the relations (iii) and (iv) of Theorem E . Theorem E is thus proved.
